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 Ž .4The present paper shows that the algebra C generated by C  Aut B is n
2Ž . 2Ž .cyclic on H B , and any nonconstant function fH B is a cyclic vector ofn n
C. In addition, the hypercyclic and cyclic composition operators will be discussed.
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1. INTRODUCTION
n Ž .Let B be the unit ball of  , Aut B be the automorphic group ofn n
Ž . Ž .B ,  Aut B a B be the Moebius transformationn a n n
a P z s Q za a a
 z  ,Ž .a ² :1 z , a
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Ž   2 .12 Ž² :   2 . Ž .where s  1 a , P z z, a  a a a 0 , Q  I P , P a a a a 0
pŽ .0. For p 0, H B denotes the classical Hardy-p spaces of B .n n
It is well known that inner functions play an important role in the theory
of Hardy spaces for one complex variable. However, many results cannot
be extended to the case of several complex variables; in fact, the construc-
tions of inner functions are very complex, and one cannot even find a
 concrete inner function on B . In 1 , W. Rudin posed a list of interestingn
problems with respect to inner functions, one of which is the following
 Problem R 1, Open Problem 19.11 . Let Q be the set of all finite linear
combinations of inner functions on B . Is the linear span of u  n
Ž .4 Ž .Aut B dense in Q relative to the sup-normn
Ž .1 for every inner function u?
Ž .2 for some inner function u?
Ž .3 for no inner function u?
We will see that Problem R can be restated in a different form.
If  is an analytic self-map of B , the operator defined byn
C f f  fH 2 B ,Ž .Ž . n
2Ž .is said to be a composition operator on H B . We say that the operatorn
ŽT on the Hilbert space H is cyclic if there is a vector called a cyclic
.  n 4vector  whose orbit, T   n 1 , has dense linear span. An operator
algebra A on H is said to be cyclic if there is a vector  such that
 4S  S A has dense linear span in H. Thus Problem R is equivalent to
the following
Problem R. Let Q be the set of all finite linear combinations of inner
functions on B and C be the norm-closed algebra generated by C  n 
Ž .4  Aut B . Is C u dense in Qn
Ž .1 for every inner function u?
Ž .2 for some inner function u?
Ž .3 for no inner function u?
We know that the cyclicity is an important concept which is deeply
related to the structure of operators and operator algebras. In the aspect
2Ž . Ž .of composition operators on H D D is the disk of  , P. S. Bourdon
   and J. H. Shapiro 2 and J. H. Shapiro 3 have undertaken the systematic
 study of cyclic phenomena. D. H. Yu and G. F. Cao 4 have dealt with
 cyclic composition operators for several complex variables. In 5 , J. A.
Cima and W. R. Wogen discussed some cyclic algebras of composition
pŽ .    operators on H D . Continuing the works of 5 , E. Nordgren et al. 6
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studied some weakly closed algebras generated by some sets of composi-
tion operators. The aim of the present paper is to deal with composition
operators and operator algebras for several complex variables. It may be
helpful to resolve Problem R.
In the following sections, we prove that each nonconstant function
2Ž .fH B is the cyclic vector of the norm-closed algebra C which isn
 Ž .4generated by C  Aut B . In particular, for any nonconstant inner n
 Ž .4 2Ž .function u on B ,  u  Aut B H B . In addition, for anyn n n
Ž .Aut B , an iff condition such that C is hypercyclic is obtained, andn 
the cyclicity of composition operators induced by some analytic maps is
discussed.
2. A CYCLIC COMPOSITION OPERATOR ALGEBRA
LEMMA 1. Suppose f is a nonconstant analytic function on B . Then theren




Proof. Since f is nonconstant, there is an a B , such thatn
 f  f
f a  a , . . . , a  0.Ž . Ž . Ž .ž / z  z1 n
Ž .Write the ith row of Jacobian matrix of  at 0 as J  0 . Thena i a
Ž j.n f  f Ž .a a a 0  J  0 ,f a² :Ž . Ž . Ž . Ž .Ý i a z w  zi j ij1z0
Ž Ž j. .where  denotes the jth component of  .a a
Ž . Ž .Note J 0 , the Jacobian matrix of  at 0, is invertible, so J 0 X 0a a a
² Ž . :has only solution 0; consequently, there is an i , such that J  0 ,f aŽ .0 i a
Ž .  0, which implies,  f  z  0.z0a i0
We let Z denote the set of nonnegative integers.

LEMMA 2. Suppose f is a nonconstant analytic function on B . Then forn
n Ž .any   , there is a Aut B , such that
 n
   fŽ .
D f 0  0  0   , . . . ,  .Ž . Ž . Ž . Ž .  1 n1 n z   zŽ . Ž .1 n
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Proof. By Lemma 1, without loss of generality, we can assume that
Ž .Ž .there is an i such that  f z 0  0; thus the Taylor series of f has0 i0
the form
n
	f z  b 
 b z 
 b z z B , b  0 .Ž . Ž .Ý Ý0 j j 	 n i0
j1  	 2
Ž    4. Ž .For 
   
  
  1 , a B , a a , . . . , a , setn 1 n

 0 0  0
0 
 0  0U ,. . . . . . . . . . . . . . .
 00 0 0  

and U . Thena
n




  z .Ž . Ž . Ž .Ý Ý0 j a 	 a
j1  	 2
Note
l n n n Ý z a a Ý z a ai1 i i j i1 i i jŽ j. z  z a a   s z  .Ž . Ý Ýa i i j a j2 2ž / ž /   a al0 i1
It is easy to see that the coefficient of z -term in the Taylor series of
Ž j.Ž . z is
    a aj j ,  , . . . , ž /1 2 n
n1    1 ei a a aÝ i j2 ž / , . . . ,   1, . . . ,   1 i na i1
   1
e j s aa  , . . . ,   1, . . . , ž /1 j n
ns    1a ei
 a a a ,Ý i j2 ž / , . . . ,   1, . . . ,   1 i na i1
n!n nŽ . Ž . Ž .where e  0, . . . , 0, 1, 0, . . . , 0 ,  if n k,  0 if n 0,Ž .i k! n k !k k
n!n kn jŽ . Ž . Ž . Ž .and    k 
 k 
 
k  n . Writek , k , . . . , k kk 1 2 jk !k !  k !1 2 j j1 1 2 j
   1  Ž i.A  , A  ,  ,  , . . . , ž / ž / , . . . ,   1, . . . , 1 2 n 1 i n
n
Ž i.A˜  A .Ý 
i1
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Then the coefficient of z -term in the Taylor series of Ýn b  Ž j. isj1 j a
n
C  b Ý1 j j
j1
n 1 sa  Ž j. e j˜ ˜ b A a a  A a a  s A a 
 A a aÝ j  j  j a   j2 2    j1
n s 1 ba j Ž j.˜ a A a b 
  A a b  s A a  0 .Ž .Ý  j j  j j a  j2 2ž / a    a jj1
We’ll prove that there is an a B such that C  0. Let r be a positiven 1
Ž . 12Ž i 1number which satisfies 0 r 1. Set a a , . . . , a  rn e , . . . ,1 n
i n.     12e . Then a  r, and a  rn ; thusi
n s 1a 12 i 12 ij j˜C  a A b rn e 
  A rn e bÝ1  j  j2 2ž /r rj1
bjŽ j. i js A ea  12rn
n s 1 ba j 12 12 Ž j. i j˜ a A rn b 
  A rn b  s A e .Ý  j  j a 2 2 12ž /r r rnj1
Since there is a j such that b  0, it is not difficult to see that there is an0 j0
Ž .r 0 r 1 such that
bs 1 ja 012 12 Ž j .0˜A rn b 
  A rn b  s A  0. j  j a 2 2 120 0ž /r r rn
 i j4nNote that e is linearly independent, so there must be a  j1 0
Ž . 12Ž i 1 i n. , . . . ,  such that C  0 for a given a rn e , . . . , e . Let the1 n 1
 	 Ž .coefficient of the z -term in the Taylor series of Ý b  t 2 be 	 t 	 a
² :C . Using the inner product f, z , we can prove that the coefficientt
of the z -term in the Taylor series of f is
 






  .Ž . 1 2 3
For any 
 ,
 1  fŽ .
 
 Ž .  1 n !  z   zŽ . Ž .1 n z0
   	 C  C f2 2 
˜ ˜        C C f 	 C f C C2 2    Ua
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˜Ž .  where C and C are constants . Since U is unitary, C  1, hence the  U
Ž .last term in these inequalities is independent of 
; furthermore,  
 
Ž .  i Ž . Ž .L  , and Ý C 
 is the Fourier series of  
 . Since C  0,  
  0,i1 i 1
Ž .consequently, there is a 
 , such that  
  0; in other words, there
is a 
 , a B such that for U ,n a
  fŽ .
 0. 1 n z   zŽ . Ž .1 n z0
2Ž .THEOREM 1. If fH B is a nonconstant function, thenn
 f  Aut B H 2 B , 4Ž . Ž .n n
 Ž .4so the norm-closed algebra C generated by C  Aut B is cyclic, and n
2Ž .any nonconstant function in H B is the cyclic ector of C. In particular,n
2 Ž .4 Ž . Ž u  Aut B QH B for any inner function u relatie ton n
2 .H -norm .
Proof. By the HahnBanach theorem, it suffices to show that if g
2Ž . Ž .H B , and g C f for all Aut B then g 0. Hence, assume forn  n
Ž .every Aut Bn
		g  f  d   0,Ž . Ž . Ž . Ž .H
Bn
	 Ž .where g is the radial limit of g. Since C is bounded for any Aut B , n
Ž .	 	 Ž  . Ž  . 	 Ž .  	 Ž .
nf  f  a.e.  cf. 7 . Suppose g  Ý b  , f  
 Ž .n Ž .
nÝ a  . Set  diag 
 , where 
   i 1, . . . , n . Then  i i1 i
2	 	 	   1 n g  f   d   b a  
  
Ž . Ž . Ž . ÝH   1 n
Bn 
  , . . . ,  .Ž .Ž .1 n
nŽ .Since 
 is arbitrary, b a  0   , so for a  0, b  0. Byi   
  
n Ž .  Ž . Lemma 2, for any   , there is a Aut B such that D f˜ ˜ z0
 n
 Ž .4  Ž .4 Ž 0. Note  f  Aut B  f  Aut B in fact,˜ n n
.  Ž .4they are equal , hence g f  Aut B . Replacing f by˜ n
f and repeating the above proof, we have b  0; furthermore g 0 by˜ 
the arbitrarity of  .
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3. HYPERCYCLIC AND CYCLIC COMPOSITION OPERATORS
The results of this section are generalizations of some known results
Ž  .from the single-variable setting cf. 2, 3 ; the proof of Theorem 2 is an
analogue of the single-variable setting.
Ž .LEMMA 3 DenjoyWolff Theorem . Suppose  : B  B is an analyticn n
map, and has no fixed points in B , then there is a  B , such thatn n
   k   
k-times
conerges uniformly to  on any compact subset of B .n
LEMMA 4. Suppose  : B  B is an analytic map and has no fixedn n
points in B . Then there is a  B , such thatn n
12n
2	 	           0 k  ,Ž .Ý2 2k k ii
i1
where  is the ith component of  .k ki
Proof. It is an easy consequence of Lemma 3.
DEFINITION. Suppose T is a bounded linear operator on the Hilbert
 n 4space H. If there is a vector  in H whose orbit, T   n 0 , is dense in
H, then T is said to be hypercyclic, and  is said to be a hypercyclic vector
of T.
Ž  .LEMMA 5 Hypercyclic Criterion 3 . Suppose H is a Hilbert space,
Ž . nT L H , and T  0 on a dense subset X of H. If there is another dense
subset Y of H such that there is map S : Y Y which satisfies:
Ž . 1 TS  I ,Y Y
Ž . n2 S  0 on Y,
then T is hypercyclic.
Ž .THEOREM 2. Suppose Aut B has no fixed points in B . Then C isn n 
hypercyclic.
1 Ž .Proof. Since  has no fixed points in B , also  Aut B . Byn n
Ž . Ž .Lemma 3, there are  ,  B such that  z   z B ,n k n
1 z  1 1 z   z B .Ž . Ž . Ž .k n  
k-times
Write
² : ² :1
 z ,  1
 z , 
f z  , f z  .Ž . Ž . 2 2
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 k  Ž .  k  Ž .It is not difficult to prove that f  0 k  , f  0 k  .2 2 
Ž . Ž k .  For any f A B , set f  f 1 f . Then f  f  0. Similarly, for2n k  k
Ž k .   Ž . Ž .g  f 1 f , we have g  f  0. Clearly, f   g   0. Write2k  k k k
X f A B  f   0 , Y g A B  g   0 . 4  4Ž . Ž . Ž . Ž .n n
2Ž . Ž .Then X, Y are two dense subset of H B by the density of A B inn n
2Ž . 	 	 Ž .  	 H B . Since    , f  f   0 for any f X, note f n k k k
   k 	 f , by the dominant convergence theorem, we have C f  0 2
Ž . k  k  Ž .1k  , i.e., C  0 on X. Similarly, C g  0 g Y . Note2 
1 1C C  C C  I, hence C is hypercyclic by Lemma 5.    
PROPOSITION 1. Suppose  : B  B is an analytic map and has at leastn n
one fixed point in B . Then C cannot be hypercyclic.n 
Ž .Proof. Assume  a  a for some a B . If C is hypercyclic, thenn 
2Ž . 2Ž .there is an fH B such that for any gH B , there is a subse-n n
 quence  such that C f g  0. In particular, for z a, we have2k j k j
Ž . Ž . Ž . 2Ž . Ž . Ž .C f z  f a  g a , i.e., for any gH B , f a  g a , which is nk j
absurd. Hence C is not hypercyclic.
By Theorem 2 and Proposition 1, we have
Ž .THEOREM 3. Suppose Aut B is an analytic map. Then C isn 
hypercyclic if and only if  has no fixed points in B .n
In the sequel, we discuss cyclic composition operators. Our results show
that the cyclicity of composition operators is also relative to the fixed
points of their symbols.
First, we’ll prove that if a composition operator is cyclic, then its symbol
is univalent, i.e.,
THEOREM 4. Suppose  : B  B is an analytic map. If C is cyclic onn n 
2Ž .H B , then  is unialent.n
  Ž . ŽProof. We use here a similar argument as in 7 . Write K w  1 1z
² :.n 	 w, z . It is well known that C K  K . z  Ž z .
Step 1.  is local univalent. Otherwise, there are a , b  B , a  b ,k k n k j
Ž . Ž . 	 Ž . Ž . Ž Ž .such that  a   b ; thus C K  K  0. Further R C R Ck k  a b  k k
.is the range of C has infinite dimension, but the codimension of the
range of a cyclic operator cannot be larger than 1, hence  must be local
univalent.
Step 2.  is univalent. Otherwise, there are a, b B , a b, suchn
Ž . Ž . Ž .that  a   b . Choose  0 small enough so that the balls B a, 
Ž .and B b,  are contained in B and have empty intersection. Meanwhilen
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  Ž Ž .. Ž Ž ..both  and  are univalent; thus  B a,    B b,  is aBŽa,  . BŽb,  .
 4non-empty open subset. Choose a sequence w which consists of distinctk
Ž Ž .. Ž Ž ..  4 Ž .  4points in  B a,    B b,  . Then there are a  B a,  , b k k
Ž . Ž . Ž . 	B b,  such that  a  w   b ; consequently, K  K Ker C .k k k a b k k
	This shows that dim Ker C  , and we have a contradiction again.
PROPOSITION 2. If an analytic map  : B  B has at least two fixedn n
points in B , then C is not cyclic.n 
Proof. If C is cyclic, then each eigenvalue of C	 must be simple; 
however, if  has two fixed points in B , then C	 will have 1 as a multiplen 
Ž .eigenvalue corresponding eigenvectors are reproducing kernels . The
proposition follows.
Remark. It is not difficult to see that even if  has only one fixed point
in B , C may be still non-cyclic. For example, if a B , a 0,  is then  n a
Moebius transformation, then  has only one fixed point in B and noa n
fixed points in B ; clearly, C is not cyclic.n a
An interesting problem is: Is there an analytic map  which has a fixed
point in B such that C is cyclic?n 
 In the case of one complex variable, P. S. Bourdon and J. H. Shapiro 2
proved that
THEOREM BS. If a linear fractional self-map has an attractie fixed point
in D and a repulsie fixed point outside the closure of D, then the induced
composition operator is cyclic on H 2.
For the several-variables setting, the referee of the paper gives an
example which answers in the affirmative the above problem: Let  : Bn
Ž . Ž i x1 i x n . B be given by  z , . . . , z  e z , . . . , e z , where x , . . . , x ,n 1 n 1 n 1 n
are rationally linearly independent reals. Let w be the point in B all ofn'whose coordinates are 12 n ; finally, let k be the reproducing kernel atw
2Ž . 2Ž .w for H B . If the H B function g is orthogonal to the orbit of kn n w
under C , then, by Kronecker’s Theorem, g must vanish on the boundary
n '   4of the polydisk z C : z  12 n , k 1, 2, . . . , n . Thus, g mustk
vanish on this polydisk and hence on all of B .n
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